GENERALIZED BOUNDED VARIATION AND 
INSERTING POINT MASSES 



MANWAH LILIAN WONG 

Abstract. Let dfi be a probability measure on the unit circle and 
dv be the measure formed by adding a pure point to dfi. We give a 
formula for the Verblunsky coefficients of dv following the method 
of Simon. 

Then we consider d/iQ, a probability measure on the unit circle 
with i'^ Verblunsky coefficients (a„((i/io))5^Lo of bounded variation. 
We insert m pure points Zj to d/io, rescale, and form the probability 
measure dfim ■ We use the formula above to prove that the Verblun- 
sky coefficients of dfj,m are in the form Q!„(d/io) ^'v^^ + -^n, 
where the Cj 's are constants of norm 1 independent of the weights 
of the pure points and independent of n; the error term i?„ is in 
the order of o(l/n). Furthermore, we prove that d/im is of (m + 1)- 
generalized bounded variation - a notion that we shall introduce in 
the paper. Then we use this fact to prove that lim„^oo 'finiz, dum) 
is continuous and is equal to D{z, diJ,m)~^ away from the pure 
points. 



1. Introduction 

Suppose we have a probability measure dn on the unit circle 9© = 
{z G C : 1^1 = 1}. We define an inner product and a norm on 
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L^(9©, (i/i) respectively by 



if, 9) = I f{e<^)g{e'')dm [l.l] 

1/2 



\f{e'')?dm ) (1-2) 



Then we orthogonalize 1, 2;, 2;^, . . . to obtain the family of monic or- 
thogonal polynomials associated with the measure d/x, namely, ($n(^5 djji)) 
We denote the normalized family as (i/i))^Q. 

The family of orthogonal polynomials on the unit circle obey the 
Szego recursion relation: let $*(2;) = andv2* (2;) = <l>*(z)/||$„|| 

(they are often known as the reversed polynomials). Since $„(2;) is the 
unique n^^ degree monic polynomial that is orthogonal to 1, z, ... , z^~^, 
$* (z) is the unique polynomial of degree < n (up to multiplication by 
a constant) that is orthogonal to {z^z^. . . . ,2;"}. Then we note that 
^n+i{z) — z(^n{z) is a polynomial of degree at most n which is orthog- 
onal to 2;, 2;^, . . . , 2;", hence, there exists a constant a„ such that the 
following holds 

^n+l{z) = Z<^n{z)-a;,<^l{z) (1.3) 

a„ is called the ra-th Verblunsky coefficient. From (11. 3p . we could 
deduce the following recurrence relation for $* 

KA^) = K{Z) - ^nZ^n{z) (1.4) 

Now we consider the norms of the left hand side and the right hand 
side of (11. Sp respectively. First, observe that ||2;$„|| is just ||$n||- Then 
note that $^(2;) is of degree strictly less than n + 1, so it is orthogonal 
to Besides, ||$„|| = ||$^||- As a result, we have 

n 

\\^n+l\? = (1 - |«n|')||$n|r = " |a,f ) (1.5) 

This also proves that a„ G © = {z G C : 1^1 < 1}. From ([OD, dUD 
and (II. 5p above, we can deduce the Szego recursion relations for the 
normalized families as well 

^Pn+l{z) = (1 - \an\^Y^''^{zipn{z) (2;)) (1.6) 

(^:+i(z) = (1 - |a„n-i/2(^*(^) _ a^zvn{z)) (1.7) 



00 

n=0- 
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From the arguments above, we see that each non-trivial probabihty 
measure on the unit circle dfi corresponds to a sequence {an{dfi))'^^Q in 
D°° called the Verblunsky coefficients. In fact, the reverse is also true by 
Verblunsky's theorem, i.e., any sequence of complex numbers (an)^o ^ 
D°° is the family of Verblunsky coefficients of a unique probability 
measure on the unit circle. Hence, there is a bijective correspondence 
between (Q;„((iyu))5^Q and dfi. 

The family of Verblunsky coefficients often gives important informa- 
tion about the measure and the family of orthogonal polynomials, for 
example, from (11.51) we know that Yl'jLo I'^jP < ^ implies that 

oo 

hm ||<l>„||=TT(l-|a,f)i/2>Q ^^^g) 

n— ►oo 

j=0 

This is a fact that we shall use later in the paper. For a more compre- 
hensive introduction to the theory of orthogonal polynomials on the 
unit circle, the reader should refer to [IZIIIH], or the classic references 

2. Results 

In this paper we are going to prove three results, the ffist one being 
the following formula 

Theorem 2.1. Suppose dfi is a probability measure on the unit circle 
and < 7 < 1. Let dv be the probability measure formed by adding a 
point mass ( = e^'^ E to dfi in the following manner 

rfz/ = (1 - 7)d/i + (2.1) 

Then the Verblunsky coefficients of du are given by 

a^idiy) = a„ + ^ ^^^'.i^^^^^^ V^n+i(C)y^:(C) (2.2) 

where 

n 
j=0 

and all objects without the label {dv) are associated with the measure 
dfi. 
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Before we state the second result, we need to introduce the notion 
of p-generalized bounded variation, Wp{(i, C2, • • • , Cp)y which is the class 
of sequences defined as follows 

Definition We say that a sequence (a„)J^o of p-generalized bounded 
variation if each can be decomposed into p components 

p 

an = J2pn,k (2.4) 

k=l 

with Pn,k G C and there exist (1,(2, ■ ■ ■ ,Cp ^ "^D such that for each 
l<k<p 

00 

\CkPn+l,k - Pn,k\ < 00 (2.5) 

n=0 

We denote by Wp{(i,(2, ■ ■ ■ ,Cp) the class of sequences (an)5^Lo ^^at 
satisfy ([MD and fl23|) . 

In particular, when p = 1 and (i = 1, then it becomes the conven- 
tional bounded variation. This is why we gave the name p-generalized 
bounded variation. 

For the sake of simplicity, we shall write dfi G Wp((i, (2, ■ ■ ■ ,Cp) if the 
family of Verblunsky coefficients of dfi is in the class Wp{(i, (2, ■ ■ ■ ,Cp)- 



The Szego function, which will be involved in Theorem 12. 2[ is defined 
as follows 

Definition If dfx = w{9)^ + dfig and ^°lo I'^il^ ^ Szego 
function is defined as 

D{z) = exp (i- I '^Jogwie)d9^ (2.6) 

The well-known Szego's Theorem asserts the following equality 

00 / f^'^ df)\ 

- \a,\') = exp ( log{w{e))-) (2.7) 

Hence, if («„) is i"^, \ogw{9) is integrable and D{z) defines an analytic 
function on D. For a thorough discussion of the Szego function, the 
reader may refer to Chapter 2 of |17j . 

Now we are ready to state the other two results in this paper: 
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Theorem 2.2. Let Q = e*"^-* G (9D, I < j < p be distinct. Suppose we 
have a measure d/i with d/i e Wp{(i, C2, • • • , Cp) such that for each j, 
{Pn,j)'^=o £ The following two results hold 

(1) For any compact subset K of 9D\{Ci, C2, ■ ■ ■ , Cp}; 

sup <oo (2.8) 

n;zeK 

(2) The following limits are continuous at z (1X2, ■■■ ,Cp 

^*^{z) = lim Ki^) = D{0)D{z)-' (2.9) 

n— ►oo 

^l{z) = lim ipliz) = Diz)-' (2.10) 

n— >oo 

and the convergence is uniform on any compact subset K C (9D\{Ci, C25 • • • , Cp}- 
Moreoever, d/ig is a pure point measure supported on a subset of {(1,(2, ■ ■ ■ , Cp}- 



Theorem 2.3. Suppose d/io G Wi(l) and (Q;„(d//o))^o ^ -^^^ 

m distinct pure points Zj — e"^^, cuj ^ 0, to d//o weights 7^ to /orro 

^/le probability measure d/im a* follows 

/ m \ m 

\ i=i / j=i 

under the conditions that < 7^ and Yl^=ilj < 1- ^/ien d/irn G 
VI/'to+i(1, zi, ^2, • • • , 2;^) and 

m — „ 

ttn(rf/^m) = a„(rf/io) + X! + Er, (2.12) 

where Cj = Zj\D{zj, dfio)\'^D{zj, d/io)'^ are constants independent of the 
weights 71, 72, • • • , 7rn and of n; and 

En = En{zi, Z2,..., Zm, 7l, 72, ■ ■ ■ , 7m) = O (2.13) 

Furthermore, for z G 9D\{1, ^i, 2:2, ... , -2m}; V^^(-2^, c^Afm) continuous 
and is equal to (1 — Yl^Li1j)~^^^E){z,dfj,o)~^ . 
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Remark: Note that dfima.c. is just (1 — J2jLi 7i)'^/^0a.c. that 
/fj^S = 1. Hence, D{z,d^iJ = (1 - Er=i 7,)'/'^(^, c^/io)- 

Theorem 12.21 is a generahzation of the following result of Nevai [12] 
and Nikishin |13| which reads 



Theorem 2.4. Suppose X^^ol'^il^ ^ ^ ^'^^ 



oo 



\aj+i — a^l < oo (2-14) 

j=0 

Then, for any 5 > 0, 

sup |$;(z)|<oo (2.15) 

n;5<arg(z)<27r— 5 

and away from z = 1, we have that lim„^oo ^ni^) exists, is continuous 

and equal to D{0)D{z)^^ . Furthermore, dfig = or else a pure point 
at z = 1. 



The reader may refer to Theorem 10.12.5 of [18] for the proof. 



According to Simon [18] , the history of the problem is as follows. The 
earliest work related to adding point masses was done by Wigner-von 
Neumann [21], where they constructed a potential with an embedded 
eigenvalue. Later, Gel'fand-Levitan |1] constructed a potential V so 
that — ^ + V has a spectral measure with a pure point mass at a 
positive energy and was otherwise equal to the free measure. A more 
systematic approach to adding point masses to a potential was then 
taken by Jost-Kohn P,[7j. 

Unaware of the Jost-Kohn work and of each other, formulae for 
adding point masses for orthogonal polynomials on the real line case 
were found by Uvarov [20] and Nevai [H]. They found the perturbed 
polynomials, and Nevai computed the perturbed recursion coefficients. 

Jost-Kohn theory for orthogonal polynomials on the unit circle ap- 
pears previously in Cachafeiro-Marcellan [H [21 [3], Marcellan-Maroni 
[To] , and Peherstorfer-Steinbauer [H]. In particular, if du and d^ 
defined in (12.11) above, Peherstorfer-Steinbauer [1^ proved that bound- 
edness of the first and second kind orthonormal polynomials of d/x at 
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the pure point ( implies that limn^oo cunidu) — an{dji) = 0, but they 
did not estabhsh any rate of convergence. 

When I proved (12. 2p . I was unaware of the following formula found 
by Geronimus |5] 

= = 7)7- + /f„-.(C,C) 

Years after Geronimus proved (12.161) . a similar formula for the real 
case was rediscovered by Nevai [llj, and the same formula for the unit 
circle case was rediscovered by Cachafeiro-Marcellan Unaware of 
Geronimus' result and the fact that Nevai's result also applies to the 
unit circle, Simon reconsidered this problem and proved formula (13.11) 
independently using a totally different method (see Theorem 10.13.7 
in [H]). However, a more useful form of his result (see formula (13.11) 
in Section [3]) is disguised in his proof and it lays the foundation to 
Theorem 12. 1[ 

In addition to Nevai, Uvarov and Simon's result mentioned above, we 
use Priifer variables as the main tool to prove that lim^^oo ^n(^) exists. 
Priifer variables are named after Priifer [15]. Their initial introduction 
in the spectral theory of orthogonal polynomials on the unit circle was 
made by Nikishin with a significant follow up by Nevai [12]. Both 
[12] and [13] had results related to Theorem 12.41 and they arrived at 
the result by essentially the same proof. Later, Priifer variables were 
used as a serious tool in spectral theory by Kiselev-Last-Simon [8] and 
Last-Simon [9]. 

Most recently, in [17J (Example 1.6.3, p. 72) Simon considered the 
measure du with one pure point 

dz/=(l-7)^ + 75o (2.17) 
He proved that the n-th degree orthogonal polynomial of du is as follows 

M^) = ^" - , , / , , iz^-' + + • ■ • + 1) (2.18) 

1 + [n- 1)7 



and since a„ = — <I>„+i(0), 

an{du) = — ^— ^1 + ^ + (^) (2.19) 
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Here is a sketch of Simon's proof: he considered L„, the (n + 1) x (n + 1) 
matrix defined as {Ln)jk = Cj-k, where Cj = J e~^^^d^{9) is the j-th 
moment of the measure. It is well-known that if $n(;z) = a^z" + 
a„_i2;"~^ + ■ ■ ■ + ao, 5n = (0, 0, . . . , 0, 1) and (, ) being the Euclidean 
norm, 

{ao,ai, . . . ,an) = {Sn,L~'^Sn) ^ L'^^n (2.20) 

Therefore, the aim is to compute L^^. By (12.171) . = (1 — 7)5„o + 7. 
Let Pj be the j x j matrix which is times the matrix of all I's, so 
it is a rank one projection. L„ could be decomposed as 

L„ = (l-7)l + (n + l)7P„+i (2.21) 

From (I2.2ip . one could deduce that the inverse of L„ is 

= (1 - 7)"i(l - P„+i) + (1 + n7)-ip„+i (2.22) 

Unfortunately, the method used to prove the result above no longer 
gives such a nice result when there are two pure points. For instance, 
we won't have the decomposition as in fl2.2ip . because L„ will be a rank 
m perturbation of (1 — Yl^=i 7i)l instead, so the computations will be 
much more complicated. Besides, this method only works for adding 
one point to d9/2Ti but fails for more general measures. Therefore, we 
need another method to attack the problem. 

From formula (12. 2p we could make a few observations concerning 
successive Verblunsky coefficients an+i{dv) and an{dv): first, we use 
the fact that (pn+i{C,) = C"'*'^V'n+i(C) and rewrite formula (12. 2p as 



a. 



|2\l/2 



an{du) =an+ ^)^-iY;^^(^) C"+V:+i(C)v^:(C) (2.23) 

Let tn be the tail term in the right hand side of (12.230 above. Suppose 
we can prove that ^n{C) tends to some non-zero limit L as n tends to 
infinity, then 1/Kn = 0(l/n), hence, 

' O(^) (2.24) 



Besides, (a„)J^o therefore (1 — |a„p)"^/^ ^1. As a result 



/•n+1 12 / ^ 
an{du) = an + tn ^ an ^ rTT^ + ^ -) (2-25) 
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Indeed, we shall prove that if C^n+i — tn is summable, by Theorem 
12.41 lim^^oo V^n(-2, c^/^i) exists away from z = 1. As a result, if we add 
another a pure point to dfii, we can use a similar argument to the one 
above and formula (12. 2p to prove that anidu) is the sum of a„((i/io) 
plus two tail terms and an error term. 

In general, if we have a measure dfim as defined in (12. lip , then we 
add one pure point after the other and use formula (12. 2p inductively. 
Therefore, we shall be able to express an{d^m) as the sum of a„((i/io) 
plus m tail terms, and an error term 

an{dfirn) = Ctnidflo) + ti^n + t2,n H h tm,n + errOT (2.26) 

By an argument similar to the one above we observe that tj-n is 0(1 /n) 
and Zjtj ji ^j,TL — 

1 is small. Of course, the 'smallness' has to be deter- 
mined by rigorous computations that we shall present in the proof 
Nonetheless, these observations led us to introduce the notion of gen- 
eralized bounded variation Wm, and from that we could deduce that 
lim„^oo<(2:,c?Atm) exists. 



3. Proof of Theorem 12.11 

In the proof of Theorem 10.13.7 in [18j, Simon gave the following 
formula for the Verblunsky coefficients of du 

an{,du) = ttn - g^S¥'n+l(C) ( ^ ) ^^'^^ 

\j=o II ■'■II / 

where 

Kn{0 = El^.(C)P (3.2) 

g„ = (l-7)+7ir„(C) (3.3) 
a_i = -1 (3.4) 

and all objects without the label {dv) are associated with the measure 
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First, we observe that Q;j_i = —$j(0), therefore, Q;j_i/||<l>j|| = —(pj{0). 
Second, observe that ||$„+i|| is independent of j so it could be taken 
out from the summation. As a result, formula (13.11) becomes 



a. 



,{du) = an{dfi) + q~'-f^n+i{Cmn+i\\ I 5Z^,(0)v^,(C) ) (3.5) 

0=0 



Then we use the Christoffel-Darboux formula, which states that for 
X, y G C with xy ^ 1, 

(1 -^y) ^XJ<^j(a;)<^i(2/)j = ^>l{x)^V<y) -^V^n{x)^n{y) (3.6) 

Besides, note that = ((1 — 7)7""^ + Kn{C))~^ As a result, (13.51) 
could be simplified as follows 



an{du) = an + J- N -1 I 7^ /^J l'^n+lll (3.7) 

(1 - 7)7 1 + Kn{C) 

Finally, observe that V5*(0) = ||<l>„||~^ and that by ([L5]), ||<l>„+i||/||$„|| 
(1 — |q;„P)^/^. This completes the proof. 

4. Proof of Theorem 12.21 

The technique used in this proof is a generalization of the one used 
in proving Theorem 12. 4[ It involves Priifer variables which are defined 
as follows 

Definition Suppose zq = e^^ E OB) with r] E [0,2n). Define the 
Priifer variables by 

$„(zo) = Rn{zo) exp{i{nr] + ^„(zo))) (4.1) 

where 9^ is determined by — 0n\ < tt. Here, Rn{z) = !$„(-<;) | > 0, 
9n is real. By the fact that $* (2:) = z"<l>„(z) on dB, fjO) is equivalent 
to 

$:(^) =i?„(z)exp(-0 (4.2) 
Under such definition, 

=log(l-«„exp(z[(n + l)r7 + 20„])) (4.3) 



" n 
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For simplicity, we let 

an = an exp(i[(n + l)r/ + 20„]) (4.4) 
Now write log ^n+i ^ telescoping sum 



j=o i=o ^ 

(4.5) 

Note that for \w\ < Q < 1, there is a constant if such that 

\log{l - w) - w\ < K\w\^ (4.6) 
Together with (14.31) . we have 

n 

log($:+i(z)) = -^(a, + L(a,)) (4.7) 

j=0 

where |iv(aj)| < K\aj\'^. 

Recall that by assumption, (a„((i/io))5^Lo is P. Therefore, by (14. 4p . 
(a„)5^Q is also P, thus Yl'jLo L{aj) < oo. As a result, in order to prove 
that lim„^oo '^'^(-2) exists, it suffices to prove that J^JLo^^j exists. 

Let 
Then 

h^nli-h^n^ = CTe'"'' (4.9) 
and < 21^6'" -1 (4.10) 

Let Qj = 1] + 29 j and recall that a;„ = X]fe=i By rearranging the 
order of summation, we get 

n n / p \ p 

j=0 j=0 \k=l / k=l 

where 

n 
j=0 



12 M.-W. L. WONG 

We are going to sum by parts by Abel's formula. Suppose (aj)°^Q is 
a sequence, we define 

(S+a)j = ttj+i-aj (4.13) 
(S-a)j = aj-aj^i (4.14) 

Abel's formula states that 

n n 

^((5+a)j6j = an+ibn - ao6-i - ^ aj{5'b)j (4.15) 

j=0 j=0 

Now we apply Abel's formula to Bn^ 

n 

n 
3=0 

(4.16) 

Note that the term /loC^^/^-i^fcC*^-^ will be canceled in (14.161) . without 
loss of generality we may assume it to be 0. 

We want to obtain a bound for Bn \ Observe that 

n 

iPnA < Yl - c'kf^i-iA + m< Dk (4.17) 

q=l 

where 

oo 

Dk = J2\f3g,k-C'kP,-i,k\ (4.18) 

is finite because G Wp{Ci, (2, ■ ■ ■ ,(?)■ 

Next, we use the triangle inequality and |e" — e*^| < |a; — y| to obtain 

l^"(C^/5,,fce**),l < |/3,,fc(e**-e^^-^)| + |a/5,,fc-/5,-i,fc| 

(4.19) 

^ \Pj,kidj — \ + \CkPj,k — Pj-lA 

It has been proven for Priifer variables (see Corollary 10.12.2 of fTS]) 
that 

|^n+i-^n|<^|«„|(l-|a„|)-' (4.20) 
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Now recall our assumption that for 1 < A; < p, {Pn,k)'^=o is i"^, 
therefore Pn,k ^ 0, a„ — » 0, which implies Q = sup„ |ari| < 1 and 
C = sup„(l — lanl)""*^ = (1 — Q)~^. For any n we have 

\Bn,k\ < ICkc'" - (^2Dk + I ^ - Q)-'^ < oo 

(4.21) 

It follows that sup„ l^nl < oo. This proves (12.81) . 

The computations above also show that the sum in the right hand 
side of (I4.16P is absolutely convergent as n ^ oo and the convergence 
is uniform on any compact subset of (9ro\{^i, ^2, • • • , Cp}- Therefore, 
limj^oo Pj,k = for all 1 < k < p implies that lim^^oo -Bn.fc exists, thus 
lim^^oo Sn exists and is finite. This proves (I2.10p . 

Moreover, for each fixed k, {Pn,k)'^=o is (an)5?Lo is also hence 
the Szego function D{z) exists and it has boundary values a.e.. Now 
decompose d/i = w{6)^ + dfXs- It is well-known that $* — > D{0)D^^ 
in L'^{w{9)^). Since $* — > uniformly on any compact subset of 
9D\{^i, C2, • • • , (p}, the limit also converges in the L^-sense. Besides, 
it is well known that -D(O) = lim^-^oo ll'^'nll = n^o(-'- ~ I'^nP)"'^'^^) hence 

<l>:,(^) = DiO)D-\z) (4.22) 
^*^iz) = D-\z) (4.23) 

on9©\{Ci,C2,...,Cp}- 



5. Proof of Theorem 12.31 
We proceed by induction. 

5.1. Base Case. Let any object without the label (rfyUi) be associated 
with the measure d^o. First we start by considering adding one pure 
point Zi = e*"^! G uJi ^ 1, to d^o G M^i(l) which has £^ Verblunsky 
coefficients. 
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Define ^„((i/ii) as 



Udfil) = (X _ ^ yPn+i(^iX(^i) (5.1) 

where = aj{dfio) and ($n)J?Lo is the family of orthogonal polynomi- 
als for dfiQ. Because of formula (12. 2p . we want to simplify ^nidfJ^o)- 

Since dfiQ G ^^1(1) and Yl'jLo I'^jP < ^> ^y Theorem 12 . 21 lim^ fni^i) 
D{zi)^^, which implies 1/Kn{zi) = 0{l/n). Hence, 

Udfii) = ^ ^ ^ ^r.+iiziMiz^) + O i-\ (5.2) 



Moreover, (fn+i{zi) = z^'^^ (f'^^-^(zi) . We can further simplify and 
obtain 

. , ^ „+i D(zi)-^ 1 /1\ , , 

\D{zi)\~'^n \n J 
Let ci = z{D{zi)^/\D{zi)\'^. This proves fl2:T2|) for m = l. 

Remark: Note that the error term in the right hand side of (15.31) 
is dependent on 71. This is because as 70 0, dfti dfio weakly, 
which implies that for each n, an{dfii) an{dfio). Since the tail term 
"zT""^^ |z)(^!)|-2 n (I5-3P is independent of 71, if the error term is also 
independent of 71, an{dfii) an{dfio). 

It remains to show the claimed properties of <l>„((i/ii). To do that, it 
suffices to show that (an('^Aii))^o is and it is in the class 1^2(1, Zi), 
then we can conclude by Theorem 12.21 

First of all, it is clear that (an((i/ii))5^o is because {an)'^=o is £^ 
and ^n{dfii) is 0{l/n). 

Next, we want to show that 

00 

^\ziL+i- L\ < 00 (5.4) 

n=0 

By (15.21) . the error term is in the order of 0(l/n^), therefore this is the 
same as showing the following is £^-summable 



(5.5) 

We are going to estimate term by term. 
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• Let pn = {I — \an\'^y^'^- We estimate the following using the 
recurrence relation for orthogonal polynomials (ll.6p 

= ipnVni^i) - a„<^„+i(2i)) - (5.6) 

Since p„-l = 0(|a„p), ^*^{zi) = D{z,)-^ + o{l) and 1/K„ = 
0(l/n), 

<+i(^i) - <(^i)| = (0(|«„r) + |a„|)|D(^i)-i + o(l)| = 0(|«„|) 

(5.7) 

Hence, 

«+i(^i) - <(zi)) <+i(zi)(l - |a„p)V2 



n 



If we change n to n + 1, the same argument still holds. There- 
fore, 



(<+2(^l) - <+l(^l)) <(^l)(l - l^nH^/' 



O 



(5.9) 



Observe that 

1(1 - |«„+i|)^/' - (1 - |«„|)^/'| = 0(|«„| + |«„+i|) (5.10) 



Hence, 

[(1 - K^ilY^' - (1 - \an\y/'] <+l(^l)<(^l) 



Finally, note that 



O 





+ 






n J 



Combining all the estimates above, we have 

+ Ittn+l 



n 



Oil 



As a result, 



(5.11) 
(5.12) 

(5.13) 
(5.14) 



n=0 
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and by Theorem 12.21 the proof of the case m = 1 is complete. 



5.2. Induction Step. We consider dfim as defined in (12. lip as a mea- 
sure formed by adding a pure point to dfim-i in the following manner 
Let 

7, = (l-7m)~S- (5-15) 

and 

(m— 1 \ m— 1 

1 - ^ 7; j rf/io + X] ll^uji (5.16) 
1=1 J 1=0 

Then we could write 

dflm = (1 - lm)dflm-l + Im^ui^ (5.17) 

Recall that < Y^^Lili < 1, or equivalently, Y^^i < 1 — 7m- 
Hence, 

m—l /m— 1 \ 

0< J]7, = (1-7™)"M 5^7, <1 (5.18) 

j=i \j=i ) 

Therefore, dfim-i satisfies the induction hypothesis, so its family 
of Verblunsky coefficients is i"^ and dfim-i G W^m(l, ^i, ^2, ■ ■ ■ , ^m-i)- 
Hence, lim„^oo '^ni^m, d^m-i) exists and is equal to (1— X]j=L^ ljY^'^D{zm, dfi, 
(see remark following Theorem 12.31) . As a result, we can use a similar 
argument as in the base case and deduce that 

(J \ _ (J \, — n+l l^i^m, dfip)]"^ 1 

D{Zm,diJ,oy n 

(5.19) 

m ^ 

(rf/io) + V 5^ + 



Zi C 

a 

' n 



where Cj = ZjD{zj,d^oy/\D{zj,dfio)\'^, ^ < j < rri, are constants inde- 
pendent of the weights 71, 72, • • • , 7m and of n; and = En{zi, ^2, • • • , Zm, li, 72, 
is in the order of o{l/n). This proves (12.121) . 

By estimating consecutive Verblunsky coefficients in the same way 
we did in the base case, we prove that dfim G iym+i(l, ^1, -22, • • • , -^m)- 
Thus, we can apply Theorem l2.2l to prove that (z^) tends to D{zm, dfj,m)~^- 
This completes the proof of Theorem 12.31 
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Remark: Note that if dfio G Wp{(iX2, ■ ■ ■ ,(p) and zj ^ (k for 
all j, k, we can use the same arguments as in the proof of Theorem 
12.31 to prove similar results, i.e., is in the form fl2.12p . dfi^ 

is in Wm+piCi, C2, • • • , Cp, zi, Z2,..., Zm) and that lim^^oo ^n{z, dfim) = 

D{Z, dfirn)"^ for Z 7^ Ci, C2, • • • , Cp, Zi, Z2,..., Zm- 
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